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Abstract

The paper proposes a method for the correct by design coordination of autonomous driving systems (ADS). It builds on previous
results on collision avoidance policies and the modeling of ADS by combining descriptions of their static environment in
the form of maps, and the dynamic behavior of their vehicles. An ADS is modeled as a dynamic system involving a set of
vehicles coordinated by a Runtime that based on vehicle positions on a map and their kinetic attributes, computes free spaces
for each vehicle. Vehicles are bounded to move within the corresponding allocated free spaces. We provide a correct by
design safe control policy for an ADS, if its vehicles and the Runtime respect corresponding assume-guarantee contracts. The
result is established by showing that the composition of assume-guarantee contracts is an inductive invariant that entails ADS
safety. We show that it is practically possible to define speed control policies for vehicles that comply with their contracts.
Furthermore, we show that traffic rules can be specified in a linear-time temporal logic as a class of formulas that constrain
vehicle speeds. The main result is that, given a set of traffic rules, it is possible to derive free-space policies of the Runtime
such that the resulting system behavior is safe by design with respect to the rules.

Keywords autonomous driving systems - traffic rule specification - map specification - collision avoidance policy -
assume-guarantee contract - correctness by design

1 Introduction Modeling involves a variety of issues related to the in-
herent temporal and spatial dynamics, as well as to the need

Autonomous driving systems (ADS) are probably the most  for an accurate representation of the physical environment in
difficult systems to design and validate, because the behavior  hich vehicles operate. Many studies focus on formalizing
of their agents is subject to temporal and spatial dynamics.  anq standardizing a concept of map that is central to seman-
They are real-time distributed systems involving components  (jc awareness and decision making. These studies often use
with partial knowledge of their environment, pursuing spe-  ¢0]0gies and logics with associated reasoning mechanisms
cific goals, while the collective behavior must meet given , cpeck the consistency of descriptions and their accuracy
global goals. ) . with respect to desired properties [2, 3]. Other works pro-
Development of trustworthy ADS is an urgent and critical pose open source mapping frameworks for highly automated

need. It poses challenge.b that go we.H beyond th.e current driving [1, 16]. Finally, the SOCA method [7] proposes an
state of the art due to their overwhelming complexity. These . .
. . abstraction of maps called zone graph, and uses this abstrac-
challenges include, on the one hand, modeling the system . . . .
tion for a morphological behavior analysis.

and specifying its properties, usually expressed as traffic . . . .
pectlying prop s y exp e There is an extensive literature on ADS validation that
rules, on the other hand, building the system and verifying | ) ) i
involves two interrelated problems: the specification of sys-

its correctness with respect to the desired system properties. ; o e .
tem properties and the application of validation techniques.
The specification of properties requires first-order temporal

B< M. Bozga logics b . d o ial
marius.bozga@ univ-grenoble-alpes. fr ogics because parameterization and genericity are essentia
7. Sifaki for the description of situations involving a varying num-
. O1laKis

bers of vehicles and types of traffic patterns. The work in
[17, 18] formalizes a set of traffic rules for highway scenar-
! VERIMAG, Univ. Grenoble Alpes, CNRS, Grenoble INP, 38000 ios in Isabelle/HOL. It shows that traffic rules can be used as
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cation procedure. A formalization of traffic rules for uncon-
trolled intersections is provided in [12], which shows how
the rules can be used by a simulator to safely control traffic
at intersections. The work in [10] proposes a methodology
for formalizing traffic rules in linear temporal logic; it shows
how the evaluation of formalized rules on recorded human
behaviors provides insight into how well drivers follow the
rules.

Many works deal with the formal verification of con-
trollers that perform specific maneuvers. For example, in
[11], a dedicated multi-way spatial logic inspired by interval
temporal logic is used to specify safety and provide proofs for
lane change controllers. The work in [19] presents a formally
verified motion planner in Isabelle/HOL. The planner uses
maneuver automata, a variant of hybrid automata, and linear
temporal logic to express properties. In [10], runtime verifi-
cation is applied to check that the maneuvers of a high-level
planner conform to traffic rules expressed in linear temporal
logic.

Of particular interest to this work are correct by con-
struction techniques, where system construction is guided
by a set of properties that the system is guaranteed to sat-
isfy. They involve either the application of monolithic syn-
thesis techniques or compositional reasoning throughout a
component-based system design process. There is consid-
erable work on controller synthesis from a set of system
properties, usually expressed in linear temporal logic, see for
example [13, 21, 26-28]. These are algorithmic techniques
that have been extensively studied in the field of control. They
consist of restricting the controllable behavior of a system
interacting with its environment so that a set of properties
are satisfied. Nonetheless, their application is limited due to
their high computational cost, which depends in particular
on the type of properties and the complexity of the system
behavior.

An alternative to synthesis is to achieve correctness by
design as a result of composing the properties of the system
components. Component properties are usually “assume-
guarantee” contracts characterizing a causal relationship be-
tween a component and its environment: if the environment
satisfies the “assume” part of the contract, the state of the
component will satisfy the “guarantee” part, e.g., [4, 8, 15].
The use of contracts in system design involves a decom-
position of overall system requirements into contracts that
provide a basis for more efficient analysis and validation.
In addition, contract-based design is advocated as a method
for achieving correctness by design, provided that satisfac-
tory implementations of the system can be found [23]. There
are a number of theoretical frameworks that apply mainly to
continuous or synchronous systems, especially for analysis
and verification purposes [14, 20, 22]. They suffer computa-
tional limitations because, in the general case, they involve
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the symbolic solution of fixed-point equations, which re-
stricts the expressiveness of the contracts [14]. Furthermore,
they are only applicable to systems with a static architec-
ture, which excludes dynamic reconfigurable systems, such
as autonomous systems.

The paper builds on previous results [6] on a logical frame-
work for parametric specification of ADS combining models
of the system’s static environment in the form of maps and the
dynamic properties of its vehicles. Maps are metric graphs
whose vertices represent locations and edges are labeled with
segments that can represent roads at different levels of ab-
straction, with characteristics such as length or geometric
features characterizing their shape and size.

An ADS model is a dynamic system consisting of a map
and a set of vehicles moving along specific routes. Its state
can be conceived as the distribution of vehicles on a map
with their positions, speeds, and other kinematic attributes.
For its movement, each vehicle has a safe estimate of the free
space in its neighborhood, according to predefined visibility
rules. We assume that vehicle coordination is performed by
a Runtime that, for given vehicle positions and speeds on the
map, can compute the free spaces on each vehicle’s itinerary
in which it can safely move.

We consider without loss of generality, ADS with a dis-
cretized execution time step Atr. Knowing its free space, each
vehicle can move by adapting its speed in order to stay in this
space, braking if necessary in case of emergency. At the end
of each cycle, taking into account the movements of the ve-
hicles, the Runtime updates their positions on the map. The
cycle iterates by calculating the free spaces from the new
state.

We study a safe control policy for ADS, which is correct
by design. It results from the combination of two types of
assume-guarantee contracts: one contract for each vehicle
and another contract for the Runtime taking into account the
positions of the vehicles on the map. The contract for a ve-
hicle states that, assuming that initially the dynamics of the
vehicle allow it to stay in the allocated free space, it will
stay in this free space. Note that the details of the contract
implementation are irrelevant; only the I/O relationship be-
tween free space and vehicle speed matters. The Runtime
contract asserts that if the free spaces allocated to vehicles
at the beginning of a cycle are disjoint, they can be allocated
new disjoint free spaces provided they have fulfilled their
contract. The combination of these two contracts leads to a
control policy that satisfies an inductive invariant, implying
system safety.

We build on this general result by specializing its appli-
cation in two directions. First, we show that it is possible to
define speed policies for vehicles that satisfy their assume-
guarantee contract. Second, we show that it is possible to
define free-space policies for the Runtime enforcing safety
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constraints of a given set of traffic rules. We formalize traf-
fic rules as a class of properties of a linear temporal logic.
We provide a method that derives from a given set of traffic
rules, constraints on the free spaces chosen by the Runtime
such that the resulting system behavior is safe with respect to
these rules. This is the main result of the paper establishing
correctness by design of general ADS, provided that their
components comply with their respective contracts.

The paper is structured as follows. In Sect. 2, we estab-
lish the general framework by introducing the basic models
and concepts for the representation of maps. In Sect. 3, we
introduce the dynamic model of ADS involving a set of ve-
hicles and a Runtime for their coordination. We show how
a correct by design safe control policy is obtained by com-
bining assume-guarantee contracts for the vehicles and the
Runtime. In Sect. 4, we study the principle of speed poli-
cies respecting the vehicle contract and show its application
through an example. In Sect. 5, we formalize traffic rules as
a class of formulas of a linear temporal logic, and show how
it is possible to generate from a set of traffic rules free-space
policies such that the system is safe by design. In Sect. 6, we
briefly describe the implementation of the approach and ex-
periments underway. Section 7 concludes with a discussion
of the significance of the results, future developments, and
applications. A short version of the paper is available in [5].

2 Map representation

Following the idea presented in [6], we build contiguous
road segments from a set S equipped with a partial con-
catenation operator - : S X § » S U {L}, a length norm
[|.Il : S = Rs and a partial subsegment extraction operator
do-] : S X Ry X Ryg — SU{L}. Thus, given a segment
s, |Is|| represents its length and s[a,b]. forO<a < b < ||s||,
represents the sub-segment starting at length a from its ori-
gin and ending at length b. Segments can be used to repre-
sent roads at different levels of abstraction, from intervals
to regions. In this paper, we consider S as the set of curves
obtained by concatenation of line segments and circle arcs,
for representing roads of a map. More precisely, for any
a,r €RYy, ¢ €R, 6 € R the curves line[a,¢], arc[r,¢,0]
are defined as

line[a,¢](t) = (at cos p,arsing) Vi €[0,1]
arc[r,0,61(1)  (r(sin(e + 16) - sin @),
r(—cos(p +1t08) +cosg)) YVt €[0,1]

Note that a and r are respectively the length of the line and
the radius of the arc, ¢ is the slope of the curve at the initial
endpoint, and 6 is the degree of the arc. Figure 1 illustrates
the composition of three curves of this parametric form.

s9 = arc[1,10°,160°]

sg = line[6,170°] s1 = line[5,10°]

81+ 8283

Fig. 1 Curve segments and their composition
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Fig. 2 A map with junctions (blue edges) and merger vertices (red
edges) (Color figure online)

d
We use metric graphs G g (V,S,E) to represent maps,
where V is a finite set of vertices, S is a set of segments and
E SV xS8* x V is a finite set of edges labeled by non-zero

length segments (denoted S*). For an edge e = (v,5,0') € E

o def o def def
we denote e = v, e = v, eseg =

define v ¥ {e|e” =v}and v* 4 {e| *e=v}. We call a

metric graph connected (resp. weakly connected) if a path
(resp. an undirected path) exists between any pair of vertices.

d
We consider the set Posg Yyu {(e,a) |e€E,0<ax
||e.seg||} of positions defined by a metric graph. Note that
positions (e,0) and (e, ||e.seg]||) are considered equal re-

s. For a vertex v, we

spectively to positions e and ¢*. We denote by p >¢ p'
the existence of an s-labelled edge ride between succeeding
positions p = (e,a) and p' = (e,a’) in the same edge e when-
ever 0 <a<d < |leseg| and s = e.seg[a,a’].. Moreover,
we denote by p AS»G p' the existence of an s-labelled ride

between arbitrary positions p, p', that is, ~g 4 (=g)"
the transitive closure of edge rides. Finally, we define the
distance dg from position p to position p’ as 0 whenever
p= p' or the minimum length among all segments labeling
rides from p to p’ and otherwise + 00 if no such ride exists.
Whenever G is fixed in the context, we omit the subscript G
for positions Posg, distance dg, and rides =g or ~¢ .

A connected metric graph G = (V,S,E) can be inter-
preted as a map, structured into roads and junctions, as de-
picted in Fig. 2, subject to additional assumptions:

— We restrict to metric graphs that are 2D-consistent [6],
meaning intuitively they can be drawn in the 2D-plane
such that the geometric properties of the segments are
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compatible with the topological properties of the graph.
In particular, if two distinct paths starting from the same
vertex v meet at another vertex v’, the coordinates of v’
calculated from each path are identical. For the sake of
simplicity, we further restrict to graphs where distinct ver-
tices are located at distinct points in the plane, and more-
over, where no edge is self-crossing (meaning actually that
distinct positions (e,a) of the same edge e are located at
distinct points).

— The map is equipped with a symmetric junction relation-
ship x on edges E, which abstracts the geometric crossing
(or the proximity) between edges at positions other than
the edge endpoints. This relationship is used to define the
Jjunctions of the map, that is, as any non-trivial equivalence
class in the transitive closure of x. Actually, junctions need
additional signalization to regulate the traffic at their edges
(e.g., traffic lights, stop signs, etc.). In addition, we assume
a partial ordering <; on the set of vertices to reflect their
static priorities as junction entries.

— To resolve conflicts at merger vertices, i.e., vertices with
two or more incident segments that do not belong to a
junction, we assume that the map is equipped with a static
priority relationship. Specifically, for a vertex v, there is a
total priority order <, on the set of edges “v. This order
reflects an abstraction of the static priority rules associated
with each of the merging edges (e.g., right-of-way, yield-
priority, etc.).

— Each edge e is associated with a maximal speed limit
e.v € R,y.

In the remainder of the paper, we consider a fixed metric
graph G = (V,S, E) altogether with the junction relationship
X, static priorities <, and edge speed limits as discussed
above. Also, we extend the junction and priority relationships
from edges to their associated positions, that is, consider
(er,a1) ~ (exaz) =l e; ~ ey for any relation ~€ {x,(<,
)vev }- Finally, we denote by r; W r, the property that rides
ry, rp in G are non-crossing, that is, their sets of positions are
disjoint and, moreover, not belonging to the same junction(s),
except for endpoints.

3 The ADS dynamic model
3.1 General ADS architecture

Given a metric graph G representing a map, the state of an
ADS is a tuple (st,),eo representing the distribution of a
finite set of objects O with their relevant dynamic attributes
on the map G. The set of objects O includes a set of vehicles

C and fixed equipment such as lights, road signs, gates, etc.

. . dej .
For a vehicle c, its state st. Y (c.p,c.6,cv,cwt,c.it...)

includes respectively its position on the map (from Pos), its
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(c.p,c.d,cv,c.it,...)cec \
Vehicle c Runtime
ste = <C~f7 ~~~)cEC7 <5t0>oEO\C
(c.p,c.d,c.v,c.it,...)
\ (c.f)ecc. At /
Map

Fig. 3 General ADS architecture

displacement traveled since c.p (from R), its speed (from
R0), the waiting time (from R (), which is the time elapsed
since the speed of ¢ became zero, its itinerary (from the

set of segments S), which labels a ride starting at c.p, etc.

d
For a traffic light [z, its state st;; =) (lt.p,lt.cl,...) includes

respectively its position on the map (from Pos), its color
(with values red and green), etc.

The general ADS model is illustrated in Fig. 3 and consists
of a set of vehicle models C and a Runtime that interact
cyclically with period Az. The Runtime calculates free space
values for each vehicle ¢ which are lengths c.f of initial rides
on their itineraries c.it whose positions are free of obstacles.
In turn, the vehicles adapt their speed to stay within the
allocated free space. Specifically, the interaction proceeds as
follows:

— Each vehicle c applies a speed policy for period At respect-
ing its free space c.f received from the Runtime. During
At, it travels a distance ¢.6' to some new position c.p’, and
at the end of the period its speed is eV, its itinerary c.it,
etc. The new state is then communicated to the Runtime.

— The Runtime updates the system state on the map taking
into account the new vehicle states and time-dependent
object attributes. Then it applies a free space policy com-
puting the tuple {c.f').cc, the new free space for all vehi-
cles based on the current system state. The corresponding
free spaces are then communicated to vehicles and the next
cycle starts.

Note that the coordination principle described is indepen-
dent of the type of segments used in the map, e.g., intervals,
curves or regions. For simplicity, we take the free spaces to
measure the length of an initial ride without obstacles on the
vehicle’s itinerary. This abstraction is sufficient to state the
basic results. We will discuss later how they can be general-
ized for richer interpretations of the map.

3.2 Assume-guarantee for safe control policies
We give below the principle of a safe control policy for

vehicles, which respects their allocated free space, applying
assume-guarantee reasoning.
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We consider the following hypothesis: for a vehicle c,
there exists a function B, : Ry — R that gives the mini-
mum braking distance ¢ needs to stop from speed v, in case
of emergency. Furthermore, for a position p, a segment s
labeling a ride starting at p and non-negative distance f, we
denote by Ahead(p,s, f) the ride consisting of the positions
reachable from p following the segment s within distance f,

formally Ahead(p,s, f) = {(p'epPos|35<f.p LG p'}.
The following definition specifies a safe control policy
using assume-guarantee reasoning on the components of the
ADS architecture. We consider assume-guarantee contracts
on components defined as pairs of properties A/G specify-
ing respectively the input-output component behavior for a
cycle, i.e., respectively, what the component guarantees (G)
provided its environment conforms to given assumption (A).

Definition 1 (safe control policy)
A control policy is safe if

— Each vehicle ¢ € C respects the A/G contract:

0<cv A B(cv)scf/
O<cv' A0<c.s Acs +B(cvV)<cfA

c.it[0,c.8'].
~>

c.p cp A cit =c.it[c.s,-]

— The Runtime respects the A/G contract:

/\CeCOSc.ésc,f
A MCECAhead(c'p’c'it’cf_C.(s) /
/\cecc'f_c'ésc-f'

A L*jCeCAhead(c.p,c.it,c.f')

The policy is the joint enforcement of safe speed policies
for vehicles and safe free space policies for the Runtime.
Vehicle safe speed policies require that if a vehicle can brake
safely by moving forward within its allocated free space at
the beginning of a cycle, then it can adapt its speed moving
forward within this space. Runtime safe free-space policies
require that if the free spaces of the vehicles are non-crossing
at the beginning of a cycle, it is possible to find new non-
crossing free spaces for the vehicles, provided they move
forward in their allocated free space.

Theorem 1
Safe control policies preserve the following invariants:

— the speed is positive and compliant to the free space, for
all vehicles, \ .cc0<cvAB.(cv)<cf,
— the free spaces are non-crossing, ) ccAhead(c.p,c.it,

c.f).

cif
c.d B.(c.v)
c.v
---------------- L T R R ITT STTTPRS
c.p (:.f’

Fig. 4 Illustration of the Hoare triples for vehicle ¢

Proof

Consider the usual notation {¢}P{y} for Hoare triples, de-
noting that whenever the precondition ¢ is met, execut-
ing the program P establishes the postcondition . Let
Ap(X)/Gp(X,X") be a contract for a program P whose
initial state X satisfies the assumption Ap(X) and which, if
terminates guarantees the relation G p (X, X') between X and
the final state X', then Hoare triples are established by the
following proof rule:

¢(X) = Ap(X)
3X. ¢(X) A Gp(X,X') = y(X)

{s}P{y}

‘We now prove that the conjunction of the two assertions in the
theorem is an inductive invariant, holding at the beginning
of every cycle. First, using the rule above for the assume-
guarantee contract on all vehicles, we establish the following
Hoare triple, where || .cc ¢ represents the program executed
by the vehicle controllers in one cycle:

{AeccO<cvAB.(cv)<cfA
(4 .cc Ahead(c.p,c.it,c.f)}
HCEC c
{AeeccOscv' AO=c.d Acs +B.(cv') <cfA
¥ Ahead(c.p',c.it'c.f —c.6')}

The arithmetic constraints on the speed, distance traveled,
and free space are implied from the guarantee. The constraint
on the free space takes into account the update of the vehicle
positions, that is, moving ahead into their free space by the
distance traveled (see Fig. 4, top). Second, using the assume-
guarantee contract on the Runtime we establish the Hoare
triple:

{AeeccOscvAOscSAcS+B.(cv)scfA
(4 .cc Ahead(c.p,c.it,c.f —c.6)}
Runtime
{NeccO<cvAB(cv)<cf A
(G Ahead(c.p,c.it,c.f')}
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That is, the Runtime re-establishes the invariant essentially
by providing at least the same free space as in the previous
cycle (see Fig. 4, bottom). m}

Note that this theorem guarantees the safety of the coor-
dination, since the vehicles respecting their contracts remain
in their allocated free spaces, which are non-crossing by con-
struction. Nevertheless, the result leaves a lot of freedom to
vehicles and the Runtime to choose speeds and non-crossing
free spaces. In particular, two questions arise concerning
these choices. The first question is wether the system can
reach states where no progress is possible. One can imagine
traffic jam situations, for example when vehicles do not have
enough space to move. The second question is whether free
space choices can be determined by traffic rules that actually
enforce fairness in resolving conflicts between vehicles. This
question is discussed in detail in Sect. 5.

We show below that it is possible to compute non-blocking
control policies by strengthening the contracts satisfied by
the vehicles and the Runtime with additional conditions. For
vehicles, we require that they move in a cycle if their free
space is greater than a minimum free space f,,;,,. This con-
stant should take into account the dimensions of the vehicles
and their dynamic characteristics, e.g., the minimum space
needed to safely reach a non-negative speed from a stop
state. Additional conditions for the contract of the Runtime
are that, when all vehicles are stopped, it can find at least one
free space greater than f,,,;,.

Definition 2 (non-blocking control policy)
A control policy is non-blocking if there exists non-negative
finin such that:

— each vehicle ¢ € C respects the A/G contract:

cf = foin [ €V >0

— the Runtime respects the A/G contract:
/\ cv=0/max‘ cf'>f~
cec ™’ cectJ = Jmin-

Theorem 2
Non-blocking control policies ensure progress, i.e., there is
always a vehicle whose speed is positive.

Proof

The proof is an immediate consequence of the two contracts
of Def. 2. If all vehicles stop moving during a cycle, the
Runtime will necessarily find at least f,;, free space for at
least one of them. Then, during the next cycle, at least one
vehicle will move again with positive speed, which concludes
the proof. O
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4 Speed policies abiding by the vehicle
contract

In this section, we show that it is possible for vehicles to com-
pute speed policies in accordance with their contract. The
behavior of each vehicle is defined by a controller, which,
given its current speed and its free space, computes the dis-
placement for At so that it can safely move in the free space.
Such safe speed policies have been studied in [24, 25].

We illustrate the principle of safe speed policy with re-
spect to f considering that each vehicle is equipped with
a controller that receives a free space value and adjusts its
speed adequately. For the sake of simplicity, assume the con-
troller can select among three different constant acceleration
values {—b,,4x,0,amax } € R respectively, the negative value
—b,qx for decreasing, the zero value for maintaining and the
positive value a,,,, for increasing the speed. At every cy-
cle, the controller selects the highest acceleration value to
which the vehicle guarantee holds, as defined by its contract
in Def. 1. Nonetheless, an exception applies for the particular
case where the vehicle stops within the cycle, which cannot
be actually handled with constant acceleration.

Definition 3 (region-based speed policy)

The region-based speed policy defines the new speed v’ and
displacement s using a region decomposition of the safe
v X f space (that is, where v = 0 and f = B(v)) as follows:

if f=B(v),f —vAt < B(v),
U= bpax At <0

o,

U = buax Aty VAL = by AP ]2
if f=B(v),f—vAt < B(v),
U= bpaxAt 20
if f —vAr = B(v), (D
= vAt = @y A2 <
B(v + apaxAt)

v,0 = {v, vAt

U+ A Ay VAL + g A2
if f—vAr— amaxAtz/Z >
B(v + aypaxAt)

Intuitively, the regions are defined such that, when the
corresponding acceleration is constantly applied for Az time
units, the guarantee on the vehicle is provable given the as-
sumptions and the region boundary conditions. For illustra-
tion, the regions are depicted in Fig. 5 for some concrete val-
ues of Ar = 1 sec, apgy = 2.5m/s2 and by, = —3.4m/52.

Moreover, the vehicle position and the itinerary are up-
dated according to the travelled distance by taking c.p' such

C.il[O,C.&’]. 1] i . ]
thatc.p ~ = c.p andc.it =c.it[c.6,—].. Furthermore,

def
the waiting time c.wt is updated by taking cwt' Y c.wt+ At

de .
ifcv=cy =0and c.wt g 0 otherwise.
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Fig. 5 Region decomposition for safe speed policy

Proposition 1
The region-based speed policy respects the safety contract
for vehicles if the braking function is B(v) = v* 12D

Proof

According to Def. 1, assume that 0 < v and B(v) < f. The

policy must guarantee that 0 < v, 0<4, 6 + B(u') <f,
ciff0,c.6'l 4 , I .

cp ~ T cp,cit =c.itfc.6,—].. Obviously, the last

two constraints are explicitely enforced. For the remaining
constraints, the proof is made on a case by case basis for the
four regions:

(i) Immediate as o' = 0, 5= f in this case.

(ii) The constraint v' 20 is equivalent to v — b, At 2 0,
which is one of the region boundaries. The constraint
§' 20 holds as 6 = vAf — by, At> /2. Consider the
constraint 6' + B(v') < f. The term ' + B(v') can be
successively rewritten as follows:

VAL = by AL |2 + B(v = byparxAt) =
VAL = Doy AL ]2 + (0 = b M) [ 26 =

2
v /2bmax = B(U)

Henceforth, ' + B(v') < f is equivalent to B(v) < f
and holds from the assumption.

(iii) The constraint v' = 0 holds because v’ = v. The con-
straint 6 = 0 holds because &' = v - At. The constraint
§' + B(v') < f is equivalent to vA? + B(v) < f, which
is one of the region boundaries.

(iv) The constraint v' = 0 holds because v’ = v + Appax At
and v, a,,4, At are all positive. Similarly, the constraint
§' =0 holds, as 6 = vAf + amaxAtz/Z. The constraint
§'+B(v') < fisequivalentto vAt + amaXAt2/2 +B(v+
AmaxAt) < f and is the region boundary. m]

Proposition 2

The region-based speed policy respects the non-blocking

contract for vehicles for any fpuin = B(apaxAt) +
2

Amax At [2.

Proof

Actually, the value B(a,,q.xAt) + amaxAtz/ 2 represents the
minimal amount of space for which the policy will select
acceleration a,,,, when the speed is zero, as defined by the
condition of the 4th region. O

Note that the speed policy works independently of the
value of the parameter Af, which is subject only to imple-
mentation constraints, e.g., it must be large enough to allow
the controlled electromechanical system to realize the de-
sired effect. A large At may imply low responsiveness to
changes and jerky motion, but will never compromise the
safety of the system.

The proposed implementation of the speed policy is
“ereedy” in the sense that it applies maximum acceleration
to move as fast as possible in the available space. We could
have “lazy” policies that do not move as fast as possible and
simply extend the travel time. We have shown in [24] that
the region-based speed policy approaches the optimal safety
policy, i.e., the one that gives the shortest travel time when
we refine the choice of acceleration and deceleration rates in
the interval [ —b,,4x, Gmax 1

5 Free space policies implied by traffic rules

In this section, we study free space safety policies for a given
set of global system properties describing traffic rules. We
formalize traffic rules as a class of linear temporal logic
formulas and provide a method for computing free-space
values for vehicles that allow them to meet a given set of
traffic rules.

5.1 Writing specifications of traffic rules

Traffic rules are a special class of properties that can be reli-
ably applied by people. They involve the responsibility of a
driver who can control the speed and direction of a vehicle
on the basis of an approximate knowledge of its kinetic state.
They do not include conditions that are difficult to assess
by the subjective judgment of human drivers, whereas they
could be verified by properly instrumented computers. Thus,
traffic rules are based on topological considerations rather
than quantitative information, such as an accurate compari-
son of vehicle speeds. Furthermore, they can be formulated
as implications, where the implicant is a condition that can be
easily checked by a driver, and the conclusion is a constraint
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Table 1 Location and itinerary predicates

c@x
x=o0 cp=o0.p
x=u cp=u
x=e Ja.c.p=(e,a)
c—x
c.itf0,6].
xX=o0: A6.cp——op
c.it[0,6].
X=u: d6.ccp———u
-.i[0,5]. -.iff0,5+a].
x=e 36. 3a>0.c.p$°el\c.pcn[~>+a] (e,a)
c~>x
c.it[0,8].
xX=o0 A6.cp ~ " o.p
.ir[0,5].
X=u 36.c.pcn[~4 ] u
Li0,5]. o -.it[0,5+a].
x=e 36.3a>0.c.pcn[~> ! e/\cpcn[v < (e,a)

on controllable variables that call for a possible corrective
action by the driver.

Given a map G and a set of objects O, we specify traffic
rules as formulas of a linear time logic of the following form,
where O is the always time modality and N is the next time
modality:

OVe. Yo, ... V()k.

¢(C1,02,...,0k) — Nl//(C],Oz,...,Ok) (2)

A rule says that for any run of the system, the satisfaction
of the precondition ¢ implies that the postcondition ¢ holds
in the next state. Both ¢ and ¢ are boolean combinations of
state predicates, as defined below. Furthermore, we assume
that ¢ constrains the speed of a single vehicle c¢; for which
the property is applicable, and which we call for convenience
the ego vehicle.

The rules involve state predicates ¢ in the form of first-
order assertions built from variables and object attributes
(denoting map positions, segments, reals, etc.) using avail-
able primitives on map positions (e.g., rides ~ , edge rides
— , distance d, equality =), on segments (e.g., concatenation
and subsegment extraction), in addition to real arithmetic and
Boolean operators.

Moreover, we define auxiliary non-primitive location and
itinerary predicates, which prove useful for the expression
of traffic rules. For a vehicle ¢ € C and x either an object
0 € O, a vertex u or an edge e of the map, we define the
predicates c@x (c is at x), ¢ = x (c meets x along the
same edge), ¢ ~ x (c meets x), as in Table 1. Furthermore,
for a vehicle ¢ € C and non-negative ¢ let c.p ®. § denote

the future position of ¢ after traveling distance 9, that is,
. R . c.it[0,6].

either c.p if § = 0 or the position p’ suchthatcp ~ p'.

We extend @, to arbitrary future positions of ¢ by taking

(cp®.6)@.6 4 c.p®. (6 +¢') and we consider the total

Springer

ordering <. defined as c.p &, 6 <. c.p ®. s if and only if
§<6.

We define the semantics of state predicates ¢ in the usual
way, by providing a satisfaction relation o, st = ¢, where
o is an assignment of free variables of ¢ and st is a system
state. A complete formal definition can be found in [6]. The
semantics of rules is defined on pairs o, [st(t" ) Ji=0 consisting
of afunction o~ assigning objects instances to object variables

of the formulas, and a run [st(’i ) ]

(t0)

;>0 for a finite set of objects
O. For initial state st*°’ we define runs as sequences of
consecutive states [st(ti ) ]i=o obtained along the cyclic ADS

execution as described in Sect. 3.1 and parameterized by the

sequence of time points #; 4 to +1i - At, that is, equal to the
time for reaching the ith system state.

We provide examples of traffic rules in Table 2. We restrict
ourselves to safety rules that characterize boundary condi-
tions that should not be violated by the driver controlling
the vehicle speed. Therefore, the preconditions character-
ize potential conflict situations occurring at intersections, as
well as other constraints implied by the presence of obsta-
cles or speed rules, e.g., traffic lights or speed limit signals.
The preconditions may involve various itinerary and location
predicates and constraints on the speed of the ego vehicle.
Moreover, the latter are limited to constraints maintained
by the vehicle and involving braking functions in the form
B.(c.v) # k where k is a distance with respect to a ref-
erence position on the map and # is a relational symbol
# € {<,<,=,2,>}. Furthermore, the postconditions involve
two types of constraints on the speed of the ego vehicle:
either speed regulation constraints that limit the distance to
full stop, that is B, (c;.v), or speed limitation constraints,
which require that the speed c;.v does not exceed a given
limit value.

Note the difference with other approaches using unre-
stricted linear temporal logic, with “eventually” and “until”
operators, to express traffic rules, e.g. [6]. We have adopted
the above restrictions because they closely characterize the
vehicle safety obligations in the proposed model. Further-
more, as we will show below, traffic rules of this form can be
translated into free-space rules that can reinforce the policy
managed by the Runtime.

5.2 Deriving free-space rules from traffic rules

We show that we can derive from traffic rules limiting the
speed of vehicles, rules on free space variables controlled by
the Runtime such that both the traffic rules and the free-space
contract hold.

To express constraints on the free-space variables c.f, we
use, for vehicles ¢, auxiliary limit position variables (c.7).cc
such that c.r = c.p & c.f. In other words, the limit position
c.mt defines the position beyond which a vehicle should not
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Table 2 Traffic rules

1 Enforcing safety distance between following vehicles ¢y and c;.
2 Coordination within all-way-stop junctions
@) Safe braking of vehicle ¢; approaching a stop so;.

(ii) Vehicle c; obeys a stop sign when another vehicle ¢, crosses the
junction.

(iii) If two vehicles ¢y, ¢, are waiting before the respective stops 5oy,

s0, and ¢, waited longer than ¢y, then ¢y has to stay stopped.

(iv)  If two vehicles ¢y, ¢, are waiting before the respective stops

so1, so, the same amount of time and c; is at an entry with

higher priority, then c; has to stay stopped.

3 Coordination using traffic-lights: if vehicle ¢; meets a red traffic
light I#;, it will remain in safe distance.

4 Priority-based coordination of two vehicles c¢; and ¢, whose
itineraries meet at merger vertex u.

@) If ¢, cannot stop at u, then ¢; must give way

(ii) If ¢y, ¢, are reaching u and c; has less priority than c,, then c;
must give way.

5 Enforcing speed limits for vehicle ¢

@) If ¢, is traveling in an edge e, then its speed should be lower
than the speed limit.

(ii) If ¢, is approaching an edge e, then it controls its speed so that it
complies with the speed limit at the entrance of e.

OVep. Ve ¢~ ¢ = N B (c.v) <d(ci.p,c2.p)

O Ve;. Vsoy.¢; = so; = N B¢ (c.v) <d(c;.p,s01.p)

OVcp. Vso1. Ve c1@soy Acpv=0Ac.v>0Acpx
c.p = Nc.v=0

OVey. Vsor. Vey. Vs0y. c1@soy Aci.v=0Ac;@soy Acyv=
0 Aci.pxXcr.pAcywt<cywt = Ncy.v=0

OVer. Vsor.Vep. Vs0y. c1@soy Aci.v=0Acy@soy Acy.v=
0O A crpxcypAcrwt=cywtAsor.p<;jsoy.p = Nc.v=0

O Ve, Yin. ¢p = Ity Alty.color=red A B, (c.v) <
d(ci.p,lt;.p) = N B (c1.v) =d(cy.p,lt,.p)

OVer. Ve Yu. ey = uABg (c1.v) <d(ci.p,u) Acy—
u A B, (c2.v) >d(cr.p,u) = N B (c1.v) <d(ci.p,u)

OVey. Ve Vu.ci = uABg (c1.v) =d(ci.p,u) Acr.p <y,
c.p A 3= uABe,(c.v)=d(crp,u) = NB. (c1.v) <
d(cy.p,u)

OVc.Ve.ci@e = Ncj.v<e.w

OVer. Ye.ci» e = NB, (c;.v)=d(ci.p,’e) + B. (ev)

be according to its contract. It is clear that for given c.7 and
c.p, c.f is defined as the distance from c.p to c.7.

Using the limit position variables {c.7).cc We can trans-
form structurally any state formula ¢ into a free space formula
¢, by replacing constraints on speeds by induced constraints
on limit positions as follows, for relational symbol # and ¢ a
non-negative real constant:

B.(cv)#d(cp,x)+t +— cr#. x® 1t

cvi#t - et cp®. B.(t)

The first case concerns speed regulation constraints
bounding the limit position c.m relatively to the position
x of a fixed or moving obstacle ahead of c, that is, a stop
or traffic light sign, a vehicle, etc. The second case concerns
speed limitation constraints bounding c.r relatively to the
current vehicle position c.p and the allowed speed.

Given a state formula ¢, the following theorem guarantees
preservation between properties involving speed constraints
and properties involving limit positions, in relation to the
vehicle speed contracts.

Theorem 3
The following equivalences hold:

(l) ¢¢=(3 c'ﬂ-)cEC ¢7r A /\CEC BC(C‘V) = d(C.p,C.ﬂ')
(i) v¢=(Tc.n)cec b A N\oec Be(cv) sd(cp,c.m)

where « ¢ is the speed-lower closure of ¢, that is, ¢
where speed constraints of the form c.v # t and B.(c.v)
#d(c.p,x) +1 for# € {=,>} are removed. (In the above, we
used the notation (3 ¢.nt).cc to denote the quantifier prefix
dcy.m...Jc,.w when C = {cy,...,Cu}).

Proof

(i) Assuming B.(c.v) = d(c.p,c.n), the following equiva-
lences between constraints on speed c.v and derived con-
straints on limit position c.z hold trivially, for any # € {<, <
,=,2,>}

B.(cv)#d(c.p,x) +tAB.(c.v) =d(c.p,c.7)
—=d(c.p,c.t) #d(c.p,x)+tAB.(cv)=d(c.p,c.7r)

= cn#x®.tAB.(cv)=d(c.p,c.m)

cv#InB.(cv)=d(cp,c.m)
= B.(c.v) # B.(t)AB.(c.v) =d(c.p,c.m)
= d(c.p,c.nt) # B.(t)AB.(c.v) =d(c.p,c.m)
— cra#tcp®. B.(t)AB.(c.v) =d(c.p,c.m)

This implies, assuming /\ . B.(c.v) = d(c.p,c.), that any
state formula ¢ is equivalent to the derived constraint ¢, on
limit positions, that is:

¢ A Neee Be(cv) =d(c.p,c.n)
= ¢z A N\.ecBc(cv)=d(cp,cn)
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Table 3 Free space rules derived from traffic rules

1 OVe.Ver.cp~» ey = Nepm2¢, cp
2 (i) OVey. Vsoy.ci— sop = Ncj.m <., so.p
2 (ii) OVcy. Vso1. Ve, c1@sop Ac.m =g, c1.pACr.t >,

c.pAci.pXcrp = Ncj.w=, ci.p

2 (iii) OVcy. Vsoy. Ve, Vs0,. ¢ @so) Acy.m =,
CIpACL@S0y ACy.m=¢, Cr.p ACi.pXCr.pAcy.wE<
cywt = Ncj.r =, ci.p

2 (iv) OVcy. Vsop. V. Vs0,. ¢ @so) A ey =,
CIpACL@SOy ACr.m=¢, Cr.p A C1.pX CrpAcCi.wt=
Wt Asor.p<jsoy.p = Ncp.r=; ci.p

3 OVey. Vit ¢y = Ity Alty.color=red Ac).m <,
Iti.p = Ncy.x 2. It).p

4 (i) OVe. Vo Vu.cipmuncrn s, u Aey—
uANcyrn>,u = Nci.r<. u

4 (ii) OVe. Ve Yu.cpmunci.m=c uhci.p<y,
cp ANy uhca=g,u = Nc.rs, u

5 (i) OVc.Ve.c;@e = Nc.ws. c1.p®; B (ev)

5 (ii) OVe.Ve.ci—»e = Ncpms, ‘e ®., B, (e.v)

Then, as ¢ does not involve limit positions, we have:

p= ¢ A(Jem)e N\oec Belcv) =d(cp,cm)
= (Jert)e ¢ A N\ e Belew)=d(cp,c.m)
= (Je.m)e ¢ A \oee Be(cv) =d(e.p,c.n)

(ii) Immediate consequence of (i) by applying « on both
sides. m}

Recalling Thm. 1, notice that B.(c.v) < d(c.p,c.x) is
enforced by safe control policies as d(c.p,c.w) = c.f. There-
fore, any property ¢ is preserved through equivalence only
when all the vehicles run with the maximal allowed speed
by the distance to their limit positions. Otherwise, the speed-
lower closure ¢ is preserved through equivalence, that is,
only the upper bounds on speeds as derived from correspond-
ing bounds on limit positions.

Therefore, all traffic rules of form (2) which, for states
satisfying the precondition ¢, constrain the speed of vehicle
¢y at the next cycle according to constraint i, are transformed
into free-space rules on limit positions of the form:

OVe. Yo, ... Voy.

¢r(c1,00,...,0) = Nyr(ci,00,...,00) (3)

Notice that the postcondition ¢, is of the form ¢;.7 <.,
by(c1,0,...,0r) for a position term b, obtained by the
transformation of . For illustration, in Table 3 we provide
the corresponding free-space rules derived from the traffic
rules in Table 2.

We are now ready to define the Runtime free space policy
based on traffic rules.
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Definition 4 (free-space policy based on traffic rules)

Let R denotes the set of traffic rules of interest, e.g., the ones
defined in Table 2. For a current ADS state st and current limit
positions and free spaces {c.7,c.f).cc, the policy computes
new limit positions and new free spaces (c.7,c.f Jeec as
follows:

dof
e = min { oby | [OV¢.YV0,..YVor. ¢ =
<c

NyleR, olc/c], st ¢r}

u{e'|Ta<|lel|, ct=(ea)c~e} (4

c.f’ = osuchthatcp ®.6 = e 5)

Actually, that means computing for every vehicle ¢ the
new limit position c.n’ as the nearest position with respect
to <. from two sets of bounds. The first set contains the
bounds o b, computed for all the free space rules derived
from the traffic rules in R and applicable for ¢ at the given
state st. The second set contains the endpoint e* of the edge
e where the current limit position c.r is located. It is needed
to avoid “jumping” over e°, even though this is allowed by
application of the rules, as e” may be a merger node and
should be considered for solving potential conflicts. Then,
we define the new free space c.f " as the distance & from the
current position c.p to the new limit position c.r', measured
along the itinerary of c.

Note that if the free-space policy respects the assume-
guarantee contract of the Runtime from Def. 1, it further guar-
antees the satisfaction of all traffic rules from R where both
the pre- and the postcondition ¢ and ¢ are speed-lower closed
formulas. First, conformance with respect to the contract is
needed to obtain the invariants B.(c.v) < c¢.f = d(c.p,c.7)
according to Thm. 1. Second, these invariants ensure preser-
vation through equivalence between speed-lower closed for-
mula and derived formula on limit positions, according to
Thm. 3. Third, the free-space policy ensures the satisfac-
tion of the derived free-space rules, that is, by construction,
it chooses limit positions ensuring postconditions ¢, hold
whenever preconditions ¢, hold. As these formulas are pre-
served through equivalence, it leads to the satisfaction of the
original traffic rule.

5.3 Correctness with respect to the free-space
contract

We prove correctness, that is, conformance with the assume-
guarantee contract of Def. 1, of the free-space policy obtained
by the application of the traffic rules from Table 2 excluding
the one concerning traffic lights. For this rule, we need addi-
tional assumptions taking into account the light functioning
and the behavior of the crossing vehicles.
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Fig. 6 Explaining restrictions on speed limits

First, we assume that the vehicle braking dynamics are
compatible with the speed limits associated with the map
segments, that means:

— For any edge e leading to a junction (and henceforth a
stop sign) or a merger, vertex holds B.(e.v) < ||e]|, for
any vehicle ¢ € C (see Fig. 6(a)),

— For any consecutive edges ey, e; holds B.(e;.v) < ||e;|| +
B.(e;.v), for any vehicle ¢ € C (see Fig. 6(b)) i.e., between
two consecutive speed limit changes, there is sufficient
space to adapt the speed.

Second, we call an ADS state (st,),eo consistent with
limit positions {c.n)qcc iff for every vehicle ¢ € C:

— The limit position is ahead of the current vehicle position,
that is, c.p <. c.7,

— There is no stop sign located strictly between the cur-
rent vehicle position and the limit position, that is, c.p <.
so.p <. c.m does not hold for any stop so,

— The limit position conforms to the speed limits of the
current edge (e;) and next edge (ep) on the itinerary
of ¢, that is, d(c.p,c.xr) < B.(e;.v) and d(c.p,c.m) <
d(c.p,"es) + B.(es.v).

For vehicle ¢ and position p located ahead of ¢ on its

itinerary, we denote by ahead.(p) Y Ahead (c.p,c.it, f) for
f =d(c.p,p), that is, the space ahead of ¢ until position
p. In particular, ahead.(c.x) = Ahead(c.p,c.it,c.f) holds as
c.mt=c.p ®. c.f. The following lemma provides the basic
conditions that guarantee the correctness of the free space
policy.

Lemma 1
Let st be an ADS state and (c.7).cc be limit positions such
that:

— the state st is consistent with the limit positions {c.7t)cec,
— the spaces ahead up to the limit positions are non-crossing,
that is, ) .cc ahead.(c.x).

Let (c.n’)cec be the new limit positions computed for state
st and {c.7)ccc according to the free space policy. Then, the
following hold:

! .
(@) c.t <. c.mt, for every vehicle c € C,

(b) the state st is consistent with the new limit positions
I
(C.ﬂ' )cEC)
(c) the spaces ahead up to the new limit positions are non-
crossing, that is, UCEC aheadc(c.ﬂ').

Proof

(a) Let us fix an arbitrary vehicle c¢. According to the free-
space policy the limit position c.nr’ is defined as the nearest
position among several bounds on the itinerary of c. We will
show that, in all situations, these bounds b are at least as far
as the current limit position c.rx, that is c.w <. b and hence
the result. First, consider all applicable traffic rules and their
associated bounds, as presented in Table 3:

— Rule 1: The bound b is defined as the position ¢,.p of
the heading vehicle c,. The constraint c.m <. ¢;.p holds
because the spaces ahead to the limit positions are assumed
non-crossing.

— Rule 2(i): The bound b is defined as the position so.p of
the stop sign located ahead of c. The constraint c.w <. so.p
holds because the state st is assumed consistent, that is, no
stop sign between the vehicle and the current limit position.

— Rule 3(ii,iii,iv): The bound b is defined as the current
position c.p, which is equal to the current limit c¢.w due
to the constraint c.v = 0 in their respective preconditions,
therefore, obviously c.m <. c..

— Rule 4(i,ii): The bound b is defined as the merger node
u and the preconditions of the rules contain respectively
c.t<.uandc.t=u.

— Rule 5(i,ii): Assume c is located on some edge ¢; and
the next edge is e;. As st is consistent with current
limit positions, this implies d(c.p,c.n) < B(e;.v) and
d(c.p,c.n) <d(c.p,’e;) + B.(e,.v). This is equivalent to
ct<ccp®.B.(e;.v)and c.m <. e, ®. B.(e;.v), which
are the constraints for speed limit rules.

Second, we consider the position e®, where the edge e con-
tains the limit position c.x. That is, c.7 = (e,a) for some
a < |le|| and hence c.7 <. (e, ||e||) = ¢°.

(b) We know that c.p <. c.m for all vehicles c. Then,
from (a) above we obtain immediately that c.p <. e for
all vehicles c¢. Moreover, according to traffic rule 2(i), new
limit positions c.' cannot move over a stop sign so unless
the vehicle ¢ is at so. That means, stop signs cannot be
inserted between a vehicle and their limit positions. Finally,
according to traffic rules 5(i,ii), the new limit positions are
at most as far as the bounds for the current and next edge
speed limits. The restriction on speed limits from Fig. 6(b)
is needed whenever vehicles are located at vertices, because
of the transition from the current to the next edge.

(c) We have seen that limit positions can either stay un-
changed or move forward on the itineraries of their respective
vehicles. In order to show that spaces until the new limit po-
sitions are non-crossing, we need to focus on moving limit
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c.d c.f

c.p c.m c.m

c.f

Fig. 7 Update of limit position and free space along the itinerary of ¢

positions. We prove the following facts, which guarantee that
these spaces remain indeed non-crossing:

— No limit position exceeds the current position of a vehicle.
Actually, this is explicitly excluded by the traffic rule 1.
Therefore, no space is extended so as to overlap with an
existing space.

— Two limit positions never move simultaneously so that the
corresponding spaces cross each other. First, crossing may
happen at junctions i.e., if two limit positions simultane-
ously enter the same junction. Such situations are excluded
by traffic rules 2(i,ii,iii,iv), which force vehicles to stop
and then solve conflicts between them in a deterministic
manner. Second, crossing may happen at merger nodes
i.e., if two limit positions will simultaneously move over
a merger node. These situations are explicitly excluded by
traffic rule 4(i,ii), which solve conflicts at merger nodes
based on priorities, plus the extra rule forbidding limit
positions to jump over map vertices. O

The next proposition states the correctness of the free-
space policy constructed from traffic rules.

Proposition 3

The free space policy respects the safety contract for the
Runtime provided the initial ADS state is consistent with
initial limit positions.

Proof

Consider a state st consistent with limit positions (c.7).cc
and satisfying the assumptions stated in Def. 1. We are there-
fore satisfying the premises of Lemma 1 and then the new
limit positions (c.n’)rec satisfy the conclusions (a)-(c), as
stated by the Lemma 1.

Then, for any vehicle ¢, using (a), we know that the new
limit position satisfies c¢.m <. e Consequently, the new
free space c.f ' which is the distance from the current vehicle
position to the next limit position, satisfies c.f ' c.f—c.0o,
that is, the first assertion of the Runtime guarantee in Def. 1.
This inequality can be understood from Fig. 7, which depicts
the generic situation for a vehicle c.

Moreover, using (c), we obtain the second assertion of the
Runtime guarantee, that is, | Ahead(c,c.f",).

Finally, using (b) we know that the state st is consistent
with new limit positions (c.n')cec. Then, as long as the ve-
hicles move forward into their free spaces according to their
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contract, the system state st' is consistent with respect to
these new limit positions. So, eventually, at the beginning
of the next Runtime cycle we are back to the initial situ-
ation considered for st and limit positions (c.7).ec. That
means essentially that state consistency with respect to limit
positions is an inductive invariant in the system, so it can
be safely assumed to hold at any time, provided it holds
initially. O

5.4 Non-blocking free-space policies

The free-space policy based on traffic rules is not non-
blocking. While continuously meeting traffic rules, an ADS
can potentially evolve into a blocking state. For example,
when a subset of vehicles is blocked in a roundabout so
that none of them can move further and eventually exit the
roundabout and all other vehicles are waiting to enter the
same roundabout. The non-blocking contract can be how-
ever fulfilled if the Runtime monitors the traffic from a
global point of view and prevents situations as described
above.

Consider that there exists a constant f,,,;,, such that for all
map edges e, |le]| > fninande.v > B! (finin ). Furthermore,
let Ex € E be the subset of edges belonging to junctions. An
elementary directed pathy =eje;...e,, EE * is critical ei-
ther if (i) it is a circuit visiting at most once every junction,
or (ii) it ends and returns at the same junction, while vis-
iting at most once every other junction. Let #;(y) be the
number of distinct junctions of a critical path y. We define
the capacity w(y) of a critical path y as the least num-
ber of vehicles that could “block™ the critical path y minus
one:

v Lt + (Yo Ll funl) =1 ©

Thatis, we assume that a junction can be blocked by one vehi-
cle, and a non-junction edge e can be blocked by | ||e|| / finin
vehicles.

Proposition 4

The free-space policy derived from traffic rules respects the
non-blocking contract for the Runtime as long as the number
of vehicles on every critical path vy is lower than the path

capacity w(y).

Proof

Consider a state where all vehicles are stopped. Consider an
arbitrary vehicle ¢p. Two situations can happen, respectively
(i) co is waiting at an entry of a junction since another vehicle
is already in, or (ii) ¢y is waiting behind another stopped
vehicle. This means that in both cases, some other vehicle
¢y is actually blocking c¢y. We continue the same reasoning
for ¢y, and can find another vehicle ¢, blocking it, and so on.
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Fig. 8 Snapshots of ADS simulation

As the number of vehicles is finite, we finally find a circular
chain ¢;, ¢j41, ..., ¢y, ¢; Of vehicles that block each other
successively.

Any chain of vehicles as above is located on some critical
path v, that is, either a circuit or a path going twice through
the same junction of the map. Assume the number of vehicles
on the path y is lower than the path capacity w(y). We

distinguish two situations:

— The critical path contains only junction edges. Then, as the
path capacity is #; () — 1, atleast one of the junctions must
be clear of vehicles. Therefore, at least one of the vehicles
waiting at that junction entries will obtain the free space
to proceed. That is, the vehicle in the preceding junction
or another one waiting at some other entry, depending on
the applicable traffic rules.

— The critical path contains both junction and non-junction
edges. If at least one of the junctions is not empty, we
can reason as in the previous case and find a vehicle that
can proceed. Otherwise, as every junction contains one
vehicle, the number of vehicles on the remaining non-
junction edges is at most Zeey\EX | lell/ fnin ] = 1. That
means, one can find a non-junction edge with more than
fmin unused space. That space is eventually allocated to
either one of the vehicles waiting on the edge, or to a
vehicle waiting to enter the edge (that is, exiting from a
junction, entering through a merger node, etc.), depending
on applicable rules. m}

6 Experiments

We are currently developing a prototype for ADS simulation
implementing the speed and free space policies introduced.
It takes as inputs (i) a map defined as an annotated metric
graph with segments that are parametric lines or arcs, and
(ii) an initial state containing the positions, the initial speeds,
and the itineraries of a number of vehicles. The simulation
proceeds then as explained in Sect. 3 by, using the specific
control policies from Sects. 4 and 5. The prototype uses the
SFML! library for graphical rendering of states. Figure 8
presents simulation snapshots for two simple examples run-
ning respectively 5 and 18 vehicles. Note that performance
scales up smoothly as the number of vehicles increases be-
cause each rule is applied on a linear finite horizon structure.
Furthermore, compared to simulators that particularize an
ego vehicle, the Runtime treats all vehicles the same and ig-
nores their speed control policy as long as they fulfill their
contract.

7 Discussion

The paper studies results for the correct by design coordina-
tion of ADS based on assume-guarantee contacts. The coor-
dination follows a two-step synchronous interaction protocol

! Simple and Fast Multimedia Library, https://www.sfml-dev.org/.

Springer



M. Bozga, J. Sifakis

between vehicles and a Runtime that, based on the distribu-
tion of vehicles on a map, computes the corresponding free
spaces. A first result characterizes safe control policies as the
combination of assume-guarantee contracts for vehicles and
the Runtime. This result is then specialized by showing how
policies consistent with their respective contracts can be de-
fined for vehicles and the Runtime. In particular, for vehicles,
we provide a principle for defining speed policies and, for the
Runtime, we compute free-space policies that conform to a
set of traffic rules. The results are general and overcome the
limitations of a posteriori verification. They can be applied to
ADS involving a dynamically changing number of vehicles.
In addition, they rely on a general map-based environment
model, which has been extensively studied in [6]. Control
policies for vehicles and the Runtime can be implemented
efficiently. In particular, the speed policy has been tested in
various implementations [24, 25] and found to be not only
safe, but also closer to the optimum when refining the space
of possible accelerations.

Note that the results can be extended, with slight modifi-
cations, to maps where the segments are curves or regions to
express traffic rules involving properties of two-dimensional
space, for example for passing maneuvers. For example, if
we consider region maps, their segments are regions of con-
stant width centered on curves. Itineraries, free spaces, and
B(v) will be regions. The relationship B(v) < f becomes
B(v) € f and the addition of lengths of segments should be
replaced by the disjoint union of the regions they represent.
The speed control policy remains unchanged in principle,
but requires a function computing the distance traveled in a
region. Finally, the runtime verification of the disjointness
of free spaces may incur a computational cost, depending on
the accuracy of the region representation.

The presented results provide a basis for promising de-
velopments in several directions. One direction is to extend
the results to achieve correctness by design for general prop-
erties. We have shown that traffic rules, which are declar-
ative properties of vehicles, can be abstracted into safety
constraints on free spaces. In this way, we solved a sim-
ple synthesis problem by transforming a “static” constraint
on vehicle speed into a “dynamic” constraint on shared re-
sources.

An interesting question that should be further investigated
is whether the method can be extended to more general prop-
erties involving the joint obligation of many vehicles. For
example, we can require that for any pair of vehicles ¢; and
¢, that are sufficiently close, the absolute value of the dif-
ference between their speeds is less than a constant k, i.e.,
abs(cy.v — ¢.v) < k. This can be achieved by a free space
constraint that gives more free space to the vehicle with the
lower speed, assuming that vehicle speed policies are not
“lazy” and use as soon as possible the available space.

Springer

For general properties involving more than one vehicle,
it seems realistic to translate them directly into free-space
constraints that will enforce the constraints processed by
the Runtime to ensure the safe control policy. In particular,
in addition to safety properties, we could devise free-space
policies that optimize criteria such as road occupancy and
uniform separation for a given group of vehicles e.g. platoon
systems studied in [9]. Note that achieving non-blocking
control is such a property that involves the application of
occupancy criteria.

Another direction is to move from centralized to dis-
tributed coordination with many runtimes. It seems possible
to partition traffic rules according to the geometric scope of
their application, e.g., a specific runtime could control ac-
cess to each junction. Finally, the Runtime can be used as a
monitor to verify that the vehicle speed policies of an ADS
are safe and respect the given traffic rules.
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